We study the magnetic orbital response of a system of N interacting electrons confined in a two-dimensional geometry and subjected to a perpendicular magnetic field in the finite-temperature Hartree-Fock approximation. The electron-electron interaction is modeled by a short-range Yukawa-type potential. We calculate the ground-state energy, magnetization, and magnetic susceptibility as a function of the temperature, potential range, and magnetic field. We show that the amplitude and period of oscillations in the magnetic susceptibility are strongly affected by the electron-electron interaction as evidenced in experimental results. The zero-field susceptibility displays both paramagnetic and diamagnetic phases as a function of temperature and the number of confined electrons.
I. INTRODUCTION
Much effort is currently devoted to the study of electronelectron interaction effects on the ground-state and transport properties of mesoscopic and nanostructured devices. [1] [2] [3] The theoretical analysis of small quantum dots, with NՇ8 electrons, customarily employs sophisticated numerical tools. 4 These become computationally prohibitive for larger dots, which call for a more schematic approach, such as meanfield and/or semiclassical approximations. In this paper we address the specific question of how the electron-electron interactions change the magnetic susceptibility of quantum dots containing few tens of electrons using the selfconsistent Hartree-Fock approximation.
Our motivation stems mainly from the intriguing experimental data collected in the early 1990s by Lévy and collaborators, 5 who measured the orbital magnetic susceptibility of an array of mesoscopic squares lithographically inscribed in a GaAs/AlGaAs heterostructure. The authors found a surprisingly large paramagnetic susceptibility and a power-law dependence of the zero-field susceptibility 0 (T)ϵ(Bϭ0,T) with temperature. The first result is understood by means of a semiclassical single-particle analysis, showing that the magnetic susceptibility in ballistic devices is determined by the enclosed area and the stability of the shortest classical periodic orbits of the cavity. [6] [7] [8] [9] [10] [11] [12] More specifically, the cavity geometry determines the classical periodic orbits relevant for (B,T), provided B is weak. For generic integrable systems such orbits come in families and the magnitude (B,T) scales as k F L, where k F is the wave number at the Fermi energy and L is the typical length scale of the cavity. In contrast, periodic orbits of chaotic systems are isolated and (B,T)ϰ(k F L) 1/2 . The semiclassical theoretical analysis also predicts an exponential decay for 0 (T), which conflicts with the experimental data that display a much weaker temperature dependence. The experimental results 5 raised natural and important questions, concerning the role of disorder and interactions. These issues triggered interesting advances in the semiclassical approach. The disorder in the devices we are interested in is weak and long ranged, and hence dominated by small-angle scattering. It was convincingly shown 13 that such a kind of disorder has little influence on the semiclassical results derived for perfectly clean systems. A more far reaching and fundamental question is the role of electron-electron interactions. In a sophisticated semiclassical approximation to the many-body problem, Ullmo and collaborators 14 showed that interactions make (B,T) scale as k F L for integrable systems and k F L/ln(k F L) for chaotic ones. They also show that, even though 0 (T) decays exponentially for higher temperatures, an interaction-induced diamagnetic minimum appears. There are two key approximations that allow for a full analytical treatment presented in Ref. 14. One approximation is to consider a zero-range residual interaction that beclouds the exchange interaction, and the other is to give up selfconsistency.
Further motivation stems from a more recent experiment on the orbital magnetization of quantum-dot arrays 15 that found a magnetization value two orders of magnitude larger than that predicted by the noninteracting single-particle picture. Existing theoretical predictions based on the direct numerical diagonalization of the Hamiltonian for a few electrons 16 -19 and on a mean-field approximation of the many-body problem [20] [21] [22] indicated that the electron-electron interaction plays dominant role in the magnetic properties of quantum dots as clearly observed in the experiment. 15 In this work, we resume the discussion on the influence of electron-electron interactions by studying the orbital magnetic response of an N-electron interacting system in a selfconsistent Hartree-Fock ͑SCHF͒ approximation. The screened Coulomb electron-electron interaction is modeled by the short-range Yukawa potential V(r)ϭV 0 e Ϫr /r. Exact results are only known for the Nϭ2 case. 18, 19 The mean-field approximation allows us to study systems up to Nϳ40 interacting electrons. Although the typical experimental dots in Refs. 5 and 15 have a much larger number of electrons, our study provides a qualitative understanding of the interaction effects in the magnetic properties of the system.
We calculate the ground-state energy E g , magnetization, and magnetic susceptibility as a function of the relevant parameters of the system, namely, the temperature T, potential range , and magnetic field B. Our results show discontinui-ties in E g (B) at Tϭ0, as previously reported. 23 These features are smoothed out for finite temperature.
We show that the magnetic response of a two-dimensional electronic cavity depends strongly on the electron-electron interaction and the magnetic susceptibility shows an oscillatory behavior similar to de Haas-von Alphen oscillations in metals. Previous theoretical works had found that such a behavior occurs for noninteracting systems as well. 21, 24, 25 We show that both the amplitude and the period of such oscillations are modified by the electron-electron interaction.
We discriminate the kinetic, direct, and exchange contributions to the total magnetic susceptibility. The direct and exchange contributions also oscillate but with a different phase compared to the kinetic contribution. We also find that the susceptibility dependence on temperature and interaction strength displays nonuniversal features which are strongly dependent on the parameters. A slight enhancement of the zero-field susceptibility is seen as the number of electrons increases. The interaction-induced magnetic susceptibility shows paramagnetic and diamagnetic phases both as a function of temperature and interaction strength. A rather unexpected result is the behavior of the exchange interaction contribution to (B), which becomes larger than the direct contribution as the interaction strength increases.
The paper is organized as follows. In Sec. II we present the model system considered in this study and the mean-field solution in the SCHF approximation. The main results are shown in Sec. III. Section IV brings the final remarks and conclusions. We also include an appendix where we present some specific details of the SCHF numerical implementation in the presence of discrete symmetries.
II. THE MODEL
We consider the problem of N two-dimensional ͑2D͒ interacting electrons in a confining potential subjected to an external magnetic field B perpendicular to the electron system. Since we study the orbital contribution to the magnetization, we are allowed to simplify the problem and treat the electrons as spinless. The model Hamiltonian reads as
where r n indicates the position of the nth electron. The single-particle Hamiltonian h is given by
where m* is the electron effective mass. The vector potential A is chosen in the symmetric gauge, namely, A ϭ(ϪBy/2,Bx/2,0). The magnetic field is expressed in units of ⌽/⌽ 0 , where ⌽ϭBA is the magnetic flux through the system area A and ⌽ 0 ϭhc/e is the unit quantum flux. We choose the confining potential u(r) as the 2D square well of side L that closely models the experiment. 5 To account for screening effects the electron-electron interaction v is modeled by where gives the effective interaction range and ⑀ r is the background dielectric constant. For ϭ0 there is no screening and the bare Coulomb interaction is recovered. Even though v(r,rЈ) in Eq. ͑3͒ is different from the screened electron-electron interaction in the 2DEG when effects of the finite layer thickness and image charges are taken into account, 26 the Yukawa potential captures the main features of a more realistic interaction and has the advantage of being computationally easier to handle. 27 We recall that the semiclassical approach is forced to use zero-range residual interaction in order to make the calculations feasible. By doing so, one loses a handle on the exchange interaction.
For a square dot of side L, the potential energy scales with 1/L while the kinetic energy scales with 1/L 2 . Hence, as L is increased, the potential energy becomes increasingly more important. It is then useful to introduce 23 We calculate the ground-state energy in the SCHF approximation for finite temperatures. The SCHF equations read as 28 -30 
where the sums run over all HF orbitals.
Ϫ1 is the Fermi occupation number of the ith HF orbital with corresponding wave function i (r) and energy i HF . As standard, the chemical potential is determined by requiring that Nϭ ͚ i n i . We truncate the number of orbitals and take only the M Ϸ2N lowest-energy states into account.
The SCHF ground-state energy is given by
where the ͉ i ͘ are the HF orbitals, self-consistent solutions of Eq. ͑4͒ and T HF , V d HF , and V x HF are the kinetic, direct, and exchange contributions to the ground-state energy, respectively. Actually, it is numerically less expensive to compute E g HF as
͑6͒
The calculations of the matrix elements were done numerically, with no further approximations other than setting the numerical precision. The number of elements grows as M 4 , where M is the basis size. For a typical calculation where we take M ϳ50, a numerical evaluation of about 10 7 fourdimensional integrals is required, a task far from trivial. To reduce that number, we have used an appropriate symmetrized basis on which the HF potential takes a block-diagonal form. Furthermore, we use properties of the Yukawa-like e-e interaction to reduce the four-dimensional integrals to a series of one-dimensional integrals on the relative polar angle. These steps are described in Ref. 19 . Details on the HF numerical implementation in the presence of discrete symmetries are found in the Appendix.
III. SINGLE-PARTICLE PROPERTIES
The HF single-particle spectral properties play a major role in determining the system magnetization and magnetic susceptibility. In this section we present a general discussion of the model Hamiltonian single-particle spectrum that serves as a guide to interpret the magnetic results that follow. Figure 1 shows the single-particle HF spectrum as a function of the magnetic flux ⌽/⌽ 0 for Nϭ10 electrons with r s ϭ1.22 for Tϭ0 ͑left͒ and k B Tϭ⌬ ͑right͒. Here and throughout the paper ⌬ is the single-particle mean level spacing. Energy is given in units of ប 2 /(m*L 2 ). A very interesting feature displayed in Fig. 1 is the jumps in i HF (B) for the Tϭ0 case. These discontinuities appear for other values of N as well and are related to sudden anticrossings at Fermi energy, i.e., involving the levels N HF and Nϩ1 HF . For Tϭ0 the mean field selects the N lowest states. Hence, by parametrically moving through a level crossing, the character of the last occupied state is suddenly changed, and so is the mean field. Narrow crossings, with a gap ␦Ӷ⌬, that lead to sudden and very strong changes in the last occupied mean-field state are responsible for the jumps.
The jumps disappear already for very low temperatures of the order of k B TϷ␦Ӷ⌬, as illustrated in Fig. 1͑b͒ . For this reason, they are of very limited relevance for the experiments we are interested in, where k B Tӷ⌬. However, Fermi energy anticrossings explain similar features reported in the study of ground-state properties of quantum dots in the Coulomb blockade regime, which remained so far not understood. 23 Albeit also blurred by temperature, the latter case deals with transport where the ground-state many-body wave function matters and thus the Anderson orthogonality catastrophe can come into play. 31, 32 It is worth mentioning that, in the absence of magnetic field, for all values of r s investigated, namely, 1.0-2.5, the single-particle levels never show a clear nearest-neighbor repulsion. This is an additional validation for using an integrable dynamics to describe such systems.
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IV. GROUND-STATE PROPERTIES
The magnetization m(B) and the magnetic susceptibility (B) of an electronic cavity are obtained from m͑B ͒ϭϪ ‫ץ‬⍀ ‫ץ‬B and ͑B ͒ϭϪ 1
͑7͒
In turn, the grand canonical potential ⍀ is directly computed from the ground-state HF energy by ⍀ϭE g HF ϪTSϪN, where S is the entropy and is the chemical potential, both functions of B. The derivatives in Eq. ͑7͒ were calculated by a standard three-point numerical derivation.
In the remainder of the paper, magnetization is given in units of the effective Bohr magneton B *ϭeប/2m*c and the magnetic susceptibility is expressed in units of the Landau susceptibility, namely ͉ L ͉ϭe 2 /(12m*c 2 ). For simplicity, the noninteracting case is referred to as ''L/a B *ϭ0.''
A. Exchange contribution
Following Eq. ͑5͒, one can distinguish different contributions to the magnetic susceptibility, namely,
arising from the kinetic, direct, and exchange-interaction terms of the HF ground-state energy E g HF (B). As shown below, it is instructive to compare the latter with the susceptibility computed for noninteracting electrons in a square cavity, nonint . The zero-field susceptibility 0 (T)ϵ(Bϭ0,T) is obtained for different N up to Nϭ20 at k B Tϭ⌬/2. The results are shown in Fig. 2 . The noninteracting susceptibility nonint ͑filled circles͒ oscillates with increasing amplitude as N is varied ͑or equivalently, as a function of k F L). This is in agreement with the previous semiclassical calculations. [7] [8] [9] [10] As we include the electron-electron interaction, keeping r s Ϸ1.5 for all N, the interacting susceptibility ͑open circles͒ sensibly deviates from the noninteracting case. We find that such deviations are mainly caused by the exchange contribution to the susceptibility. While the kinetic contribution ͑squares͒ resembles the noninteracting situation, the exchange term ͑triangles͒ exhibits rather large fluctuations, which are mainly responsible for the deviations in the total interacting susceptibility.
The exchange contribution to the susceptibility increases with the interaction strength L/a B * and is already of the order of the kinetic contribution for r s Ϸ1.5. This is illustrated in Fig. 3 , where we chose a maximum of the noninteracting 0 nonint (N), namely, Nϭ20 and vary L/a B * . For low values of L/a B * , the paramagnetic kinetic term kin ͑filled squares͒ dominates and stays almost constant while the total susceptibility decreases. This behavior of the total susceptibility is dictated by the exchange term x , which is initially of the order of the direct contribution. As the interaction strength increases, both absolute values of the direct and exchange terms increase. It is interesting to notice that x overcomes d for L/a B *Ϸ5 (r s Ϸ0.63) and is of the same order as the kinetic term for L/a B *Ϸ10 (r s Ϸ1.26).
This is a somewhat unexpected result, since the direct contribution V d
HF to the ground-state energy is three to four times larger than the exchange contribution V x HF in this range of r s . It turns out, however, that the V x HF is more sensitive to variations of the magnetic field than V d HF , giving rise to the large exchange contribution to 0 .
Many-body correlations, absent in mean-field approximations, screen the two-body residual interaction. The consequent lack of screening of the exchange term in the HF scheme is well known to be one of its main drawbacks. Hence, one might ask if the large exchange contribution we report survives when screening is properly accounted for. It is necessary to go beyond the HF level to answer this question, which is not within the scope of this work. However, one can also interpret 0 as a mimic of screening due to electron-electron correlations. With this picture in mind, we can provide a partial answer to the raised question, since we also observe large exchange contributions to 0 , even for a B *Ͼ Ϫ1 ͑not explicitly shown͒. We conclude that significant exchange contributions to 0 are not an artifact of the pure Coulomb interaction. 
B. Magnetic-field effects
The electron-electron interaction also induces some nontrivial effects in the magnetic-field dependence of both the magnetization and the magnetic susceptibility. The results for m(B) and (B) in the Coulomb (ϭ0) case are shown in Figs. 4 and 5 for different N and L/a B * . In this section we take k B T of the order of ⌬ to wash out effects due to level crossings, while preserving the quantum effects due to long energy-range spectral correlations.
In the noninteracting case, the magnetization curves for different N values are very similar. For low fields, small oscillations arise and, as ⌽ increases, a positive magnetization phase appears. When the interaction between the electrons is included, the magnetization curves for Nϭ10 and Nϭ20 are quite different ͑see Fig. 4͒ . In particular, for L/a B *ϭ10, the orbital magnetization is about four times larger for Nϭ20 than for Nϭ10. This suggests that large systems can display strong orbital magnetization effects, in line with the experimental results. 15 For Nϭ5, a clear oscillatory behavior is seen on (B) ͑see top of Fig. 5͒ . The amplitudes are of order ͉ L ͉ and, as the interaction strength is increased, both the amplitude and the frequency also increase. This behavior is similar to the de Hass-von Alphen effect observed in metals. In that case, both the amplitude and the frequency of (B) oscillations are proportional to the chemical potential of the system. In the single-particle effective potential approximation, an increase in the interaction strength is equivalent to an increase in the effective chemical potential of the HF levels, which corroborates the analogy.
The oscillations are modified with increasing number of particles, see bottom panel of Fig. 5 . For larger values of L/a B * , (B) displays fluctuations near ⌽/⌽ 0 ϭ10 due to crossings between the Hartree-Fock single-particle states at the Fermi level, as discussed in Sec. III. Notice that although the level crossing jumps in the single-particle spectrum seem to have already disappeared at k B Tϭ⌬, see Fig. 1 , they are greatly enhanced in (B), due the second derivative in Eq.
͑7͒.
We observe that the exchange part plays an important role in the computation of the B dependence on the magnetic susceptibility . In Fig. 6 all contributions are shown as a function of ⌽/⌽ 0 for a lower temperature, namely, k B T ϭ⌬/2 and r s ϭ0.9. The pronounced paramagnetic peak around ⌽/⌽ 0 Ϸ10 ͑also observed at the bottom panel of It is worth mentioning that these results are somewhat different from those obtained by the exact diagonalization for the two-electron case, 19 where the electron spin plays an important role on the orbital properties of the system. In that situation, singlet-triplet transitions give rise to lowtemperature peaks of about 3͉ L ͉ of magnitude in the orbital susceptibility but no oscillatory behavior is found on (B). Also, magnetization m(B) in the exact Nϭ2 case is always negative, even in the large field regime.
In Fig. 7 , we compare the susceptibilities in the case of Coulomb and short-range potentials. In order to get a qualitative comparison, we consider the strong-screening regime, using Ϫ1 ϭL/10. In this short-range limit, the interaction between the electrons is exponentially suppressed for distances larger than the screening length Ϫ1 and the overall magnetic response, which is averaged over the whole dot, is then similar to the noninteracting case. This can be clearly seen in Fig. 7 , where the curves for Ϫ1 ϭL/10 are quite similar to those for L/a B *ϭ0 depicted in Fig. 5 , showing that the shielding of the electron-electron interaction is quite effective and a noninteracting picture is a good approximation for the thermodynamic properties of the system.
For such low screening lengths, the Fermi wavelength F ϳL/ͱN is larger than Ϫ1 by one order of magnitude. In the regime F ӷ Ϫ1 , the 2D screened interaction can be well approximated by a ␦-type contact interaction.
14 Our results show that the noninteracting picture captures the main features of such approximation in the Hartree-Fock scheme.
C. Temperature dependence
The zero-field susceptibility decays with temperature, as expected. The decay rate is rather fast, being well approximated by an exponential for temperatures larger than the highest occupied orbital-lowest unoccupied orbital gap. For instance, when k B T/⌬ϭ3, 0 is already negligible as compared to the Tϭ0 value ͑see Fig. 8͒ . An exponential decay of 0 with T is consistent with previous theoretical works, 8, 10 but at odds with the experiment 5 ͑in both cases Nӷ1). To the best of our knowledge, the only mechanism that gives rise to a slow susceptibility decay, 33 namely T
Ϫ1/2
, requires the thermal length to be smaller than the sample size L. Unfortunately, the experimental parameters 5 hardly meet this large-temperature regime. This problem persists.
We deal with quantum dots with less than 10 2 electrons, where it is standard to reach temperatures of the order of the mean level spacing. This regime allows for a better experimental study of (T), and, hence, a more detailed discussion is in order. In the intermediate range of k B Tϳ⌬, nonuniversal features arise. As an example, the inset of Fig. 8 shows our result for a dot with Nϭ5 electrons: 0 (T) is negative ͑except for Tϳ0) and has pronounced minima at k B T Ϸ0.5⌬, even in the noninteracting case. For Nϭ10, 0 (T) displays both positive ͑for k B TϽ0.4⌬ and k B TϾ⌬) and negative values (0.4⌬Ͻk B TϽ⌬), indicating a diamagneticparamagnetic transition. In both cases, the interactioninduced susceptibility, Ϫ nonint , is positive, indicating a paramagnetic contribution due to the electron-electron interaction.
A diamagnetic-paramagnetic transition for increasing N was also reported in previous theoretical results. For Nϭ2, exact diagonalization results 19 show that 0 (T) is diamagnetic for a temperature range up to 10⌬. On the other hand, semiclassical analysis 7, 8, 10 suggests a paramagnetic 0 (T) for Nϳ100. Therefore, a diamagnetic-paramagnetic transition is expected in the intermediate-particle-number regime.
V. CONCLUDING REMARKS
We have considered the ground-state properties of a system of N interacting electrons confined in a 2D geometry and subjected to a perpendicular magnetic field in the finitetemperature SCHF approximation. The magnetic susceptibility was calculated as a function of the relevant parameters of the system ͑magnetic field, number of electrons, temperature, and strength and range of the particle interaction͒. The ground-state energy was obtained for both the Coulomb interaction and the short-range Yukawa potential.
Our results show that the electron-electron interaction introduces nontrivial effects in the magnetic properties of the system. The magnetic susceptibility shows de Haas-von Alphen-like oscillations which are enhanced as the interaction strength increases. The magnetization increases when more electrons are added in the dot, which indicates that a strong orbital magnetization should be expected for larger systems. For a higher number of electrons, new features arise, including strong diamagnetic fluctuations as a function of the magnetic field.
The zero-field susceptibility 0 (T) shows both paramagnetic and diamagnetic phases as a function of the temperature. We found that 0 (T)→0 as T increases and the susceptibility induced by interaction is positive, yielding a paramagnetic contribution to 0 
APPENDIX A: HARTREE-FOCK EQUATIONS IN MATRIX FORM
We solve the HF self-consistent equations ͑4͒ iteratively by diagonalization. The eigenfunctions of the square billiard of side length L, namely,
where ␣ϵ(m,n), separated into the square four-point symmetry classes, form the basis set ͕ ␣ ͖. The latter are also eigenbasis of the operator R /4 that rotates the coordinates by /4. The eigenvalues R /4 , namely, c ␣ ϭϩ1,Ϫ1,ϩi, and Ϫi, label the square billiard symmetry classes. More details can be found in Ref. 19 . The bottleneck for the HF method is the calculation of the two-body electron interaction integrals, namely,
